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In this paper, we explore the formation of the marginally trapped and marginally anti-trapped
surfaces that arise from the evolution of homogeneous dust in D-dimensions with and without the
cosmological constant, this is seen through the analytical expressions for such surfaces. We obtain
closed form expressions for the Norm of the normal to the Horizon that decides their causal nature
and also look at several interesting features of these surface evolution that are significantly different
from the four dimensional counterpart. We obtain the expressions for the Ashtekar-Badrikrihnan’s
Area-balance law for dynamical horizon (spacelike surface) tailored for the case of spherically sym-
metric dust evolution in D-dimensions.
I. INTRODUCTION
The blackhole horizon is a very interesting arena where
quantum field theory and general relativity come face
to face. The relation between the area of the blackhole
horizon and its entropy is one of most important devel-
opments of recent times and has been a favourite testing
ground for various theories of quantum gravity. A study
of the dynamics of the horizon evolution is therefore of
great importance since one can track the evolution of
quantities like entropy and correlate it with the flux of
matter or gravitational waves crossing the horizon. The
concept of Trapping Horizons was coined (as against the
Event Horizon) to locally track the evolving horizon by
Penrose [1]. Hayward in his paper [2] has refined the
concept of trapping horizons based on a 2+2 decom-
position framework which introduced various trapped
horizons like Future Outer Trapped Horizon (FOTH),
Future Inner Trapped Horizon (FITH), Past Outer
Trapped Horizon (POTH) and Past Inner Trapped
Horizon (PITH). Ashtekar, Badrikrishnan et.al [3–7]
have formulated a closely related notions to Hayward’s
trapped horizons, which is based on a 3+1 spacetime
decomposition framework where they have introduced
Isolated Horizons, Dynamical Horizons and Time-like
Membranes. The Dynamical Horizon is defined as a
space-like hypersurface foliated by 2-Spheres such that
the expansion for outgoing (ka) and incoming (la) null
normal are Θk = 0 and Θl < 0 respectively on every
leaf of the folitation. The area of the dynamical horizon
is shown to increase monotonically provided the null
energy condition is satisfied. If there is no matter flux
or gravitational waves crossing the dynamical horizon
then it becomes null and is called an Isolated Horizon.
Likewise it is shown that one can similarly construct a
time-like membrane that arise in cosmological or few
cases of gravitational collapse. It is shown in [6] that
in contrast to the Dynamical Horizon case, the area
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monotonically decreases for a timelike membrane. In the
work of Booth et.al [8], many possible situations where
one can find Dynamical Horizons, Time-like Membranes
are highlighted and also looked at their causal nature
following the prescription given in [9] to classify the
Horizons as time-like or space-like. Busso in [10] has
introduced a construction for Past holographic screen
and Future holographic screen which are be defined
in terms of Marginally Trapped Surfaces (MTS) or
Marginally Anti-Trapped Surfaces (MATS) respectively.
Using this construction Busso and Engelhardt in [11],[12]
have proved a new area law in general relativity where
the area of a holographic screen changes monotonically
even though the causal nature of the screen (horizon)
changes during its evolution.
In this paper, we work with a model [13] where the
matter content is pressure-less dust in a spherically
symmetric arrangement in D-dimensions (the Lemaitre-
Tolman-Bondi model generalized to D-dimensions).
This model for matter evolution has the advantage
that it is general enough to capture many features
of Horizon evolution and is simple enough to yield
closed form expressions for various scenarios like FOTH,
FITH, POTH, PITH. This can therefore yield the
D-dimensional versions of various results highlighted in
[8],[14–16]. The area balance law for dynamical horizon
given in 3 + 1 dimensions is extended to D dimensions
for a spherical topology, which is applied to this model.
The analysis of the model in this paper can be used
to represent two situations. First, it can represent the
evolution of matter of a star if we put a cut-off for
the density at some finite radius. Second, it can be
interpreted as a cosmological solution (when we set the
density to be homogeneous). This analysis is inclusive
of the cosmological constant.
For this model, we obtain the general expression Θk,
Θl by defining the out-going and in-going null rays in
the evolving space-time. Based on the expressions ob-
tained, we can obtain the curve Θk = 0 or Θl = 0
in the form f(r,t,D,Λ) = constant in the relevant time
2and radial coordinate (t, r) respectively. We evaluate
the Norm of the vector orthogonal to the these curves
and from this deduce the signature of the Horizon. We
show that this is equivalent to the prescription given by
Booth, et. al [8] where the signature of the curves (Hori-
zons) is evaluated using the ratio of Lie derivatives of
Θk and Θl. Here we will see that the The causal nature
of the D-dimensional horizon evolution is indeed richer
and more varied compared to the 3+1 scenario. For e.g
it is well known that the for the case of 3 + 1 dimen-
sional Oppenheimer-Snyder matter evolution, the MTS
is a time-like membrane. We show in the article that in
D-dimensional Oppenheimer-Snyder dust evolution, the
MTS is timelike for dimension D < 5 and is null for
D = 5 and is space-like for D > 5. The causal nature of
the horizon becomes more interesting when we analyze
the MTS, MATS. We observe that in the evolution of
MTS and MATS, the Horizon makes a transition from
time-like to space-like. We show the expressions high-
lighting these transitions in the article. We show that
even though there is transition from time-like to space-
like, the evolution of the Area is strictly monotonic in the
time coordinate used in the model (in accordance with
the results in [11], [12]).
II. HIGHER DIMENSIONAL SPHERICALLY
SYMMETRIC DUST EVOLUTION
The general metric for an (D = n+2) dimensional
spherically symmetric spacetime is of the form
ds2 = −eµ(t,r)dt2 + eλ(t,r)dr2 +R2(t, r) dΩ2n (1)
where dΩ2n is the metric on unit n dimensional sphere,
t is the time coordinate and r is the co-moving radial
coordinate. It is easily shown [13] that the g00 component
of the metric can be chosen to be minus one i.e. g00 = −1.
The metric then has the following form.
ds2 = −dt2 + eλ(t,r)dr2 +R2(t, r) dΩ2 (2)
For a non-zero cosmological constant (Λ 6= 0), the Ein-
stein equations are
Gµν + Λgµν = κTµν (3)
here κ is a constant and is related to Gravitational con-
stant Gn, (κ = 8πGn). The matter we are considering
here is a pressure less dust hence the only nonzero com-
ponent of the stress-energy tensor (in the co-moving and
synchronous coordinate system) is T00 = ǫ(t, r), where
ǫ(t, r) is the energy density of the dust. With these con-
ditions we get the Einstein Equations which are shown
in [13] and summarized below
G00 =
e−λ
R2
[
− ΛeλR2 + n(n− 1)
2
(eλ(1 + R˙2)−R′2)
+
n
2
RR′λ′ +
n
2
(−2RR′′ + eλRR˙λ˙)
]
= kǫ(t, r) (4)
G01 =
n
2
(R′λ˙− 2R˙′)
R
= 0 (5)
G11=
1
R2
[
n(n− 1)
2
(R′2 − eλ(1 + R˙2))
+ΛeλR2 − neλRR¨
]
= 0 (6)
G22= −1
4
e−λ
[
2(n− 2)(n− 1)(eλ(1 + R˙2)−R′2)
−2(n− 1)(2RR′′ − RR′λ′ − eλ(RR˙λ˙+ 2RR¨))
+eλR2(−4Λ + λ˙2 + 2λ¨)
]
= 0 (7)
The other non zero relations are given by
G(j+1 j+1) = sin
2θ(j−1)G(jj) (8)
where j takes values from 2 to n+1.
The expressions for the evolution of matter can be ob-
tained by simplifying the above set of equations. Solving
for the G01 we get
eλ =
R′2
1 + f(r)
(9)
where f(r) is an arbitrary function called the energy
function. Integration of the G11 equation after using the
above relation gives
R˙2 = f(r) +
2Λ
n(n+ 1)
R2 +
F (r)
R(n−1)
(10)
where F (r) is called the mass function. Solving for G00
we find
κǫ(t, r) =
nF ′
2RnR′
(11)
This gives us the expression for the mass function as
F (r) =
2κ
n
∫
ǫ(0, r)rndr (12)
where ǫ(0, r) is the initial energy density of the dust and
choose that at t = 0, R = r. We work for the case of
marginally bounded shells of dust where we require that
f(r) = 0. The result (12) is obtained by keeping the
constant value of f(r) = 0, and this holds true from here
on.
A. Solutions of Homogeneous Dust Evolution
The advantage of the Homogeneous case is that the
physical radius R (area radius) is separable into a time
dependent part and the co-moving radius r
R(r, t) = a(t) r (13)
3This model can be used in couple of ways. One is that
these solutions can be used to describe cosmological so-
lutions. The other way is that these solutions could rep-
resent the generalization of Oppenheimer-Snyder evolu-
tion of dust to a general dimension with a cosmological
constant. In the latter case the solutions described in
this section will work as the interior solutions that need
to be matched to an exterior solution (generalization of
Schwarzschild solution to higher dimensions including a
cosmological constant).
We choose a(t = 0) = 1 thus the co-moving radius r
is equal to the physical radius R (area radius) at initial
time (t = 0). For a homogeneous dust collapse ǫ(t, r) is a
function only of time t so the initial time density profile
of the dust cloud ǫ(0, r) is taken to be a positive constant
which does not depend on the value of r. So the mass
function (12) in the homogeneous case is
F (r) =
2g
n(n+ 1)
rn+1 (14)
where g = κ ǫ(0, r) and g > 0.
Also in the homogeneous case the expression (10) be-
comes
R˙2 =
2Λ
n(n+ 1)
R2 +
2g rn+1
n(n+ 1)Rn−1
(15)
and under the condition of (13) this reduces to
a˙(t)2 =
2Λ
n(n+ 1)
a(t)2 +
2g
n(n+ 1) a(t)n−1
(16)
In the subsections below, we look at the solutions of (16)
for various cases of the cosmological constant being zero,
negative and positive.
1. Case of flat spacetime
The equation (16) for flat spacetime is
a˙(t)2 =
2g
n(n+ 1) a(t)n−1
(17)
For the initial condition that we choose a(0) = 1 which
means that R(0, r) = r, then the solutions for a(t) are(
1 +
√
g(n+ 1)
2n
t
) 2
1+n
(18)
and (
1−
√
g(n+ 1)
2n
t
) 2
1+n
(19)
2. Case of Anti de-Sitter spacetime
The equation (16) for Anti de-Sitter spacetime is
a˙(t)2 =
−2Λ
n(n+ 1)
a(t)2 +
2g
n(n+ 1) a(t)n−1
(20)
for the initial condition a(0) = 1 the solutions for a(t)
are
(√
g
Λ
sin
(√
Λ(n+ 1)
2n
t+ arcsin
√
Λ
g
)) 2
n+1
(21)
and
(
−
√
g
Λ
sin
(√
Λ(n+ 1)
2n
t− arcsin
√
Λ
g
)) 2
n+1
(22)
3. Case of de-Sitter spacetime
The equation (16) for de-Sitter spacetime is
a˙(t)2 =
2Λ
n(n+ 1)
a(t)2 +
2g
n(n+ 1) a(t)n−1
(23)
The solutions of a(t) for our initial condition a(0) = 1
are (√
g
Λ
sinh
(√
Λ(n+ 1)
2n
t+ arcsinh
√
Λ
g
)) 2
n+1
(24)
and(
−
√
g
Λ
sinh
(√
Λ(n+ 1)
2n
t− arcsinh
√
Λ
g
)) 2
n+1
(25)
III. MARGINALLY TRAPPED AND
ANTI-TRAPPED SURFACES
Marginally Trapped Surfaces (MTS) are defined as co-
dimension 2 sub-manifolds Σ whose expansion of null
congruence Θk generated by the outgoing radial null vec-
tor ka vanishes everywhere (Θk = 0) on Σ and Θl which
is expansion of null congruence generated by incoming ra-
dial null vector la is completely negative on Σ (Θl < 0).
For these definitions and more see the following references
([5],[6],[8],[14],[17–22]).
Similarly we define Marginally Anti-Trapped Surfaces
(MATS) as co-dimension 2 sub-manifolds Ξ whose ex-
pansion of incoming radial null congruence Θl vanishes
everywhere (Θl = 0) on Ξ and the expansion of outgoing
radial null congruence Θk is completely positive on Ξ
(Θk > 0). These MTS and MATS are also referred to as
future and past holographic screens respectively, mostly
in the context of holographic theories ([11],[12],[23]).
From the metric (2) we have the future outgoing radial
null vector as
ka = (1, e−(
λ
2
), 0, 0, 0, .., 0) (26)
and the future incoming radial null vector as
la = (1,−e−(λ2 ), 0, 0, 0, .., 0) (27)
4these two future directed radial null vectors are normal-
ized as
kclc = k
cldgcd = −2
and hab is the induced metric on the marginally trapped
or marginally anti-trapped surface which is
hab = gab +
(kalb + lakb)
(−kcldgcd) = gab +
1
2
(kalb + lakb)
so the expansion for outgoing bundle of null rays is
Θk = h
ab∇akb = n
R
(R˙+ e−(
λ
2
)R′)
using the equation (9) we have
Θk =
n
R
(R˙ + 1) (28)
similarly the expansion for ingoing bundle of null rays is
Θl = h
ab∇alb = n
R
(R˙− e−(λ2 )R′)
again using the equation (9) we have
Θl =
n
R
(R˙− 1) (29)
A. Causal Nature of the Marginally Trapped and
Anti-Trapped Tubes: General D dimensional LTB
The Marginally Trapped Tubes (MTT) or Marginally
Anti-Trapped Tubes (MATT) are co-dimension 1 sub-
manifolds which are foliated by the marginally trapped
or marginally anti-trapped surfaces respectively. We
look at the causal nature of these tubes formed in
the evolution of the dust, these tubes can be timelike
(Timelike tubes), spacelike (dynamical horizons) or
null (isolated horizons) depending on various situations
which emerge ([8],[14],[15]). This is done using two
methods, in the first one we calculate the norm of the
normal to the tubes in (r,t) plane and use it to classify
the causal nature of these tubes (applicable for the
case of Spherical Symmetry) while the second one is
a standard method used ([9]) where the ratios of lie
derivatives of the expansions are taken which determines
the causal nature of the tangent vector to the tube. We
use these result to find the causal nature of the tubes
that are formed in the dust evolution for the general
case
METHOD I: For this model, we have explicit ex-
pression for the tubes in the (r, t) plane. If we consider
the expression for Θk = c1 where c1 a constant and
using (10) and (28) expressions we get the curve in the
(r, t) plane give by
Θk =
n
R
(
−
√
∆+ 1
)
= c1 (30)
where
∆ =
2Λ
n(n+ 1)
R2 +
F (r)
R(n−1)
(31)
The norm of the normal to the curve in the (r, t) plane
determines the causal nature, so the components of the
normal to this curve are
nt = −nR˙
R2
(
1−
√
∆
)
− n∆˙
2R
√
∆
and
nr = −nR
′
R2
(
1−
√
∆
)
− n∆
′
2R
√
∆
note that for c1 = 0 this curve indicates the marginally
trapped tube. This means for evaluating the norm of this
normal we impose the conditions R˙ = −1, ∆ = 1. The
norm works out to be,
βk = −(nt)2 + (nr)
2
R′2
=
n2
4R2
(
−∆˙2 + ∆
′2
R′2
)
(32)
and also using (11) the norm simplifies as,
βk =
4κǫR2
n2
(
κǫ+ 2Λ− n(n− 1)
R2
)
. (33)
So the norm βk is a function of energy density (ǫ) on the
tube, the cosmological constant (Λ), the area radius (R)
and the number of dimensions (n = D − 2).
Now repeating the same exercise for marginally anti-
trapped tubes with Θl as
Θl =
n
R
(√
∆− 1
)
= c2 (34)
where c2 is a constant. The norm evaluates to the same
expression given by,
βl =
4κǫR2
n2
(
κǫ+ 2Λ− n(n− 1)
R2
)
(35)
Method II: The standard method for determining the
causal nature of marginally (anti) trapped tubes was first
discussed in [8] and is done by calculation of ratio of Lie
derivatives of Θk and Θl. The signature of quantities αl
and αk discussed below determines the causal nature of
the tangent vectors to the MATT and MTT respectively.
The lie derivatives for Θk are
£kΘk = k
a∇aΘk = n
R2
[
R∆˙
2
√
∆
+
R∆′
2R′
√
∆
−(R˙+ 1)(
√
∆+ 1)
]
£lΘk = l
a∇aΘk = n
R2
[
R∆˙
2
√
∆
− R∆
′
2R′
√
∆
−(R˙− 1)(
√
∆+ 1)
]
5The causal nature of the marginally trapped tube is de-
termined by the ratio
αk =
£kΘk
£lΘk
(36)
which has to be evaluated at Θk = 0 which implies R˙ =
−1 and ∆ = 1, we get
αk =
−κǫ(
κǫ+ 2Λ− n(n−1)
R2
) (37)
Similarly the causal nature of the marginally anti-
trapped tubes is determined by the the ratio
αl =
£lΘl
£kΘl
(38)
which has to be evaluated at Θl = 0 which implies R˙ = 1
and ∆ = 1, we get the αl ratio to be
αl =
−κǫ(
κǫ+ 2Λ− n(n−1)
R2
) (39)
From the equations (33),(37) it is clear that βk > 0 is
equivalent to αk < 0 and imply the MTT is time-like
also βk < 0 is equivalent to αk > 0 and imply the MTT
is space-like. Similarly from (35), (39) when βl > 0
(αl < 0) imply MATT is time-like and βl < 0 (αl < 0)
means MATT is space-like. The expressions for αk and
αl match with the results obtained (equation (23)) in
[15] and (equation(2.3)) in [8] where the latter expression
involves energy density, pressure and the area. We note
that the formula depending on the ’area’ is valid in four
dimensions only and in other dimensions, the expression
continues to depend on R2 which does not have the
interpretation of ’area’ for the MTT or MATT.
We summarize below the Lie derivatives for MTT
(Θk = 0)
£kθk = −κǫ (40)
£lθk =
(
κǫ+ 2Λ− n(n− 1)
R2
)
(41)
and MATT (Θl = 0)
£lθl = −κǫ (42)
£kθl =
(
κǫ+ 2Λ− n(n− 1)
R2
)
(43)
The lie derivatives in equations (41) and (43) are useful
in further characterization of the MTT and MATT into
outer and inner horizons as defined by Hayward [2].
Causal nature of marginally (anti) trapped tubes in
homogeneous dust evolution
Here we adapt the expressions derived for the D-
dimensional LTB model for the case of homogeneous dust
evolution. The mass function for the Homogeneous case
(14) is of the form
F (r) = c0r
n+1 (44)
where c0 = 2κǫ(0, r)/(n(n + 1)). We further can show
using the same relation that the energy density,
κǫ(t, r) =
n(n+ 1)c0
2an+1
(45)
plugging R˙2 = 1 in the equation (10) yields the condition
for the Marginally (Anti) Trapped Tubes in the current
context to be,
r2
[
c0
an−1
+
2Λa2
n(n+ 1)
]
= 1 (46)
The above equation relates the co-moving radius with the
scale factor for the horizon. Now substituting the above
relation into the expressions for βk (33) and βl (35) and
simplifying yields the relation,
βk = βl =
2κǫ
n
(
3− n+ 2ΛR
2
n
)
(47)
this is the formula for the norm of the normal to the
MTT and MATT that occur in homogeneous dust evo-
lution in terms of the energy density on the tube (κǫ),
the dimension of the space-time (D = n + 2), the cos-
mological constant (Λ) and the area radius (R) of MTT
or MATT. Similarly computing the lie derivatives for the
homogeneous case we get
£kθk = −κǫ (48)
£lθk =
n
2R2
(
3− n+ 2ΛR
2
n
)
(49)
£lθl = −κǫ (50)
£kθl =
n
2R2
(
3− n+ 2ΛR
2
n
)
(51)
the formula for αk and αl is given by
αk = −−2κǫR
2
n
(
3− n+ 2ΛR
2
n
)−1
= αl (52)
6B. Marginally Trapped Surfaces (MTS)
The condition for marginally trapped surface (MTS)
is
Θk = 0 and Θl < 0 (53)
from the relations (28) and (29) the above conditions
imply that
R˙ = −1 and R˙ < 1 (54)
so R˙ = −1 satisfies both these conditions. This means
that for R(r, t) = r a(t) we can write co-moving radius r
for the MTT as function of time
rh =
−1
a˙(t)
(55)
and the aeral radius is expressed as
Rh(t, r) = −a(t)
a˙(t)
(56)
From the solutions we got for a(t), we look at the be-
haviour of MTS as they evolve in time t, for the cases
where Λ = 0, > 0 and < 0
1. MTS for flat case
We choose the solution for a(t) for MTS in the case of
Λ = 0 as
a(t) =
(
1−
√
g(n+ 1)
2n
t
) 2
1+n
(57)
This solution of a(t) is chosen such that rh and Rh can
have positive values for MTS. We are interested in ob-
taining the curve in the t − r plane for which θk = 0.
Using the condition (55) we obtain the expression for rh
as
√
n(n+ 1)
2g
(
1−
√
g(n+ 1)
2n
t
)n−1
n+1
(58)
so we plot rh versus t for various dimensions (D = 3 to
7) below
n=1 (D=3)
n=2 (D=4)
n=3 (D=5)
n=4 (D=6)
n=5 (D=7)
0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4
t
1
2
3
4
r
FIG. 1. rh versus t for MTT with (Λ = 0, g = 1)
These graphs represent the MTT which gives the
evolution of the MTS in time t as each point on these
curves is an MTS and we are tracking these MTT curves
from time t = 0 to the time when they reach the shell
with label r = 0 which is a singularity as R also goes
to zero here and also the Ricci scalar blows up. We see
there is an anomalous curve for D = 3 because there
are no trapped surfaces in the absence of cosmological
constant for the case of 2 + 1 dimensions as observed in
([24]). The line for D = 3 represents when the conical
defect becomes 2π in the 2 + 1 dimensional scenario and
the relation between the conical defect and the mass
function F (r) can be seen in ([24],[25]).
The causal nature of these graphs can be seen from the
expression for the norm (47), the sign of βk is positive
for D < 5 (n < 3) implying that the MTT is timelike. It
becomes null for D = 5 (n = 3) where the MTT curve
coincides with an ingoing null ray, this is an example
where the Horizon need not be isolated and can still be
null. The MTT is uniformly spacelike for D > 5 (n > 3).
We note that for D = 4, the MTT is timelike as seen
in ([8], [14]). In the above graph and the graphs that
follow, we present the evolution for a certain time interval
which happens here only due to the matter flux. The
MTS unlike the event horizon is defined locally without
a need for the complete global description. We look at
the evolution for the Areal Radius for these MTS using
(57) which gives us a linear relation between Rh and time
(t) given by, √
n(n+ 1)
2g
− (n+ 1)t
2
(59)
The plot for R versus time
7n=1 (D=3)
n=2 (D=4)
n=3 (D=5)
n=4 (D=6)
n=5 (D=7)
0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4
t
1
2
3
4
R
FIG. 2. R versus t for MTT with (Λ = 0, g = 1)
Note that R decreases monotonically with the coordi-
nate time t for all the cases irrespective of the number
of dimensions and whether the MTT is space-like or
time-like. The areal radius becomes zero at a finite time
t indicating singularity formation hence we don’t need
to extend the solutions beyond R = 0, this hold true for
all the cases to follow.
These MTT can be further characterized as FOTH or
FITH as introduced by Hayward [2] and outlined in [16].
Looking at the sign of £lΘk = n (3− n) /2R2, we see
that for D > 5(n > 3) the sign is negative indicating that
the horizon is an Outer Horizon (FOTH). For D < 5, we
see that the Horizon is an Inner Horizon (FITH). The
non-trivial case is for D = 5 where the Horizon is null
but not isolated. We comment about the Inner and Outer
classification forD = 5 in a note at the end of the section.
2. MTS for AdS case
The solution for the scale factor a(t) in Homogeneous
dust evolution for the case with negative cosmological
constant is given by
(
−
√
g
Λ
sin
(√
Λ(n+ 1)
2n
t− arcsin
√
Λ
g
)) 2
n+1
(60)
One can see that the solutions are oscillatory in nature.
The evolution in the graphs given below represent the
situation where matter cloud contracts from a given ini-
tial configuration and collapses to a point. One can also
consider the reversed situation where the matter expands
out from a point (this situation is dealt with when ana-
lyzing the MATS case). We therefore present a segment
of the entire evolution of the cloud for the purpose of
tracking the evolution of MTS. The negative cosmologi-
cal constant provides an extra ”attractive force” on the
shells and the cloud collapses more efficiently than the
previous case where the cosmological constant is kept to
zero. The evolution of MTS as a curve in the (t, r) plane
where the co-moving radius rh is given by
−
√
n(n+ 1)
2Λ
1
a(t)
tan
(√
Λ(n+ 1)
2n
t− arcsin
√
Λ
g
)
(61)
The plot for rh versus time t is given by
n=1 (D=3)
n=2 (D=4)
n=3 (D=5)
n=4 (D=6)
n=5 (D=7)
0.0 0.5 1.0 1.5 2.0
t
10
20
30
40
r
FIG. 3. r versus t for MTT with (Λ = 1, g=1)
For D ≥ 4, we can see that at time t equal to zero, the
co-moving radius that has just for trapped is the intercept
the curve makes on the r axis. For all the co-moving ra-
dius r > rh are already trapped. The evolution therefore
proceeds from a higher r to lower r and eventually zero.
Once again the case where D = 3 is anomalous. One
can see in the above plot that the MTS never reaches
less than a particular value of co-moving coordinate r.
The reason is that for the case of 2 + 1 dimensions not
all shells can get trapped ([24]). In the case of Negative
cosmological constant, there is a mass gap that needs to
be filled before the shells can get trapped. So the shells
closer to r = 0 do not get trapped. In the next plot,
we see that all these shells that do not get trapped, do
become singular due to their physical radius R becoming
zero. The expression for R is
−
√
n(n+ 1)
2Λ
tan
(√
Λ(n+ 1)
2n
t− arcsin
√
Λ
g
)
(62)
and the plot for R versus time is
8n=1 (D=3)
n=2 (D=4)
n=3 (D=5)
n=4 (D=6)
n=5 (D=7)
0.0 0.5 1.0 1.5 2.0
t
10
20
30
40
R
FIG. 4. R versus t for MTT with (Λ = 1, g=1)
As can be seen from the equation (47), the MTT is
space-like for D ≥ 5. Time-like behavior is possible only
in dimension less than 5. Any MTS that occurs at a
areal radius less than R <
√
n(3− n)/|Λ| is time-like
and for R >
√
n(3− n)/|Λ| it is space-like. We can see
that the above statement is co-variant since the areal
radius can be defined in a co-variant manner based on
the Killing vectors. We note that the area of the MTS
in the negative cosmological constant case decreases
monotonically with the coordinate time t for all the cases
irrespective of the number of dimensions and whether
the MTS is space-like, time-like or mix of time-like and
space-like segments.
We now look at the classification of Outer/ Inner based
on the expression£lΘk = n
(
3− n+ 2ΛR2/n) /2R2. For
Λ < 0, it is clear that for D ≥ 5 the Horizon is uniformly
Outer since the above expression is uniformly negative, it
is therefore FOTH. For D < 5 it is an FOTH at large R
and is FITH for small R. So there is a change from Outer
to Inner as the horizon evolves. This counter-intuitive
behavior is addressed in the note at the end of the section.
3. MTS for dS case
The solution for scaling a(t) with positive cosmological
constant for MTS is chossen to be (this is choice is made
such that r,R are positive)
(
−
√
g
Λ
sinh
(√
Λ(n+ 1)
2n
t− arcsinh
√
Λ
g
)) 2
n+1
(63)
The expression for the MTT curve in (r, t) is plane is
give by comoving radius r which is
−
√
n(n+ 1)
2Λ
1
a(t)
tanh
(√
Λ(n+ 1)
2n
t− arcsinh
√
Λ
g
)
(64)
The plot for r versus time
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FIG. 5. r versus t for MTT with (Λ = 1, g = 1)
Just like flat and AdS cases, the curve for the case
when D = 3 is an anomaly. We look at the expression
for the areal radius R of the MTT curve which is
−
√
n(n+ 1)
2Λ
tanh
(√
Λ(n+ 1)
2n
t− arcsinh
√
Λ
g
)
(65)
The plot for R versus time
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FIG. 6. R versus t for MTT with (Λ = 1, g = 1)
We see from the above graphs that just like flat
and negative cosmological constant cases, the evolution
of MTS for positive cosmological constant case is
also monotonic and the areal radius decreases mono-
tonically with time t. Using the formula (47), we
see that for dimensions d ≥ 5, the MTS is time-like
whenever R >
√
n(3− n)/(2Λ) and is space-like when
9R <
√
n(3− n)/(2Λ). For dimension D < 5, the MTS
hyper-surface is time-like since the norm is always
positive.
When we analyze the plot (r, t) and (R, t) together for
the case of D = 3 dimensions, we see that the portion
of the curve in (r, t) plot where the slope is positive
is the relevant portion. The peak and the downward
portion is a result of extending the curve beyond the
singularity. This can be seen because when we observe
the plot (R, t), we can see that the MTS has reached
R = 0 while the curve in the (r, t) plot is still climbing.
The anomalous behavior of the curve in the (r, t) plane
is due to the fact that in D = 3 dimensions, particles do
not attract each other while the positive cosmological
constant has a repulsive effect on the evolving dust. So
if a shell of co-moving radius ’r’ is such that it’s R˙ = −1
and therefore it is a point on the MTS curve. Due to
the repulsive nature of positive cosmological constant,
the shell of label r slows down so that it’s R˙ > −1 and
a shell with larger co-moving radius will have R˙ = −1.
This explains the peculiar behavior of the D = 3 curve.
This differs from other dimensions where the evolution of
dust is not just dependent on the cosmological constant
but also matter distribution that is attractive in nature.
To characterize the MTS in terms of Outer and Inner,
we look at the sign of £lΘk = n
(
3− n+ 2ΛR2/n) /2R2.
We see that for dimension D ≤ 5, the sign is uniformly
positive implying that the Horizon is an Inner Horizon
(FITH). For D > 5, the Horizon is Inner Horizon (FITH)
for large R and is Outer Horizon ( FOTH) for small R.
C. Marginally Anti-Trapped Surfaces (MATS)
The condition for marginally outer trapped surfaces is
θ+ > 0 and θ− = 0 (66)
these conditions imply
R˙ = 1 and R˙ > −1 (67)
when R˙ = 1 we can write co-moving radius as function
of time as
r =
1
a˙(t)
(68)
and the physical radius is expressed as
R(t, r) =
a(t)
a˙(t)
(69)
we will look at the behaviour of MATS for the cases where
Λ = 0, > 0 and < 0
1. MATS for flat case
The solution for the case of expanding cloud of dust is
given by,
a(t) =
(
1 +
√
g(n+ 1)
2n
t
) 2
1+n
(70)
we obtain r as a function of time given by√
n(n+ 1)
2g
(
1 +
√
g(n+ 1)
2n
t
)n−1
1+n
(71)
The plot for r versus time for the above relation is given
by,
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FIG. 7. r versus t for MATT with (Λ = 0, g = 1)
Then the expression for the physical radius R for the
MATS curve is √
n(n+ 1)
2g
+
(n+ 1)t
2
(72)
The plot for R versus time
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FIG. 8. R versus t of MATT with (Λ = 0, g = 1)
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We see a monotonic evolution of R with time. Just as
with MTT, the MATT curve is timelike for dimension
D < 5, is null for D = 5 and is spacelike for D > 5.
The MATS could also be further characterized based
on the sign of (51) from which we can see that for D < 5
the horizon is Inner (PITH) and for D > 5 the horizon
is Outer (POTH).
2. MATS for AdS case
The solution for the scale factor a(t) as a function of
time for the case with a negative cosmological constant
is obtained below (the choice is made such that r,R are
positive)
(√
g
Λ
sin
(√
Λ(n+ 1)
2n
t+ arcsin
√
Λ
g
)) 2
n+1
(73)
The expression for comoving radius r is√
n(n+ 1)
2Λ
1
a(t)
tan
(√
Λ(n+ 1)
2n
t+arcsin
√
Λ
g
)
(74)
The plot for r versus time
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FIG. 9. r versus t of MATT with (Λ = 1, g = 1)
The expression for areal radius R is√
n(n+ 1)
2Λ
tan
(√
Λ(n+ 1)
2n
t+ arcsin
√
Λ
g
)
(75)
and the plot for R versus time
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FIG. 10. R versus t of MATT with (Λ = 1, g = 1)
One sees that the solutions a(t) are oscillatory in
nature. We consider the expanding part of the solution
and track the evolution of MATS. The cloud expands
to a maximum and starts contracting back in a finite
co-moving time t. The steep slope of the MATS curve
owes it’s explanation to the previous sentence.
Just like MTS, for dimension D < 5, the MATS curve
transitions from timelike for small R to spacelike for large
R. For D ≥ 5, the curve is uniformly spacelike. When
we look at the sign of (51), we conclude that for D < 5
the horizon is a PITH for small R and POTH for large
R and for dimensions D ≥ 5, the horizon is POTH.
3. MATS for dS case
The solution for the scaling factor a(t) for MATS in
positive cosmological constant is
(√
g
Λ
sinh
(√
Λ(n+ 1)
2n
t+ arcsinh
√
Λ
g
)) 2
n+1
(76)
The expression for r for MATS is
√
n(n+ 1)
2Λ
1
a(t)
tanh
(√
Λ(n+ 1)
2n
t+ arcsinh
√
Λ
g
)
(77)
and the plot for r versus time is
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FIG. 11. r versus t for MATT with (Λ = 1, g = 1)
and the expression for areal radius R as a function of
time is√
n(n+ 1)
2Λ
tanh
(√
Λ(n+ 1)
2n
t+ arcsinh
√
Λ
g
)
(78)
the plot for R versus time for MATS evolution is,
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FIG. 12. R versus t for MATT with (Λ = 1, g = 1)
From the expression (47) it is clear that if D ≤ 5 the
curve is time-like and is a PITH. As is well known from
various work on cosmological horizons in 4 dimensions
regarding horizon evolution due to flux of matter [6]. For
dimension D > 5 we have MITS curve is space-like (also
POTH) for small R (whenever R <
√
n(3− n)/(2Λ))
and is time-like (also PITH) for R >
√
n(3− n)/(2Λ).
Just like MTS, there is a transition from space-like to
time-like as the MATS evolves. As can be observed from
the above plots, R evolves monotonically with time t.
The plot R vs t is horizontal for large time t. This is
because most of the matter interior to the MATS surface
has crossed the ’cosmological horizon’ and therefore the
flux of matter is negligible thereof.
D. Note: Outer and Inner Horizon classification
criteria for D = 5 and monotonicity of Horizon
evolution
In this note, we elaborate on two seperate points from
the results on the section on MTS and MATS. The first
point is the classification of Inner and Outer for the case
of D = 5 with zero cosmological constant. We have seen
that the horizon is uniformly null but not isolated. This
is seen for both the MTS and MATS case. Now in order
to classify the Horizon in terms of being Outer or Inner,
we can check with the Lie derivatives £lΘk and £kΘl
(48, 49, 50, 51), both are indeed zero. In such situations,
we propose another criteria to characterize the Outer or
Inner nature of the horizon.
The classification is made possible by defining a space-
like vector given by ǫ = ∂/∂R in a coordinate chart
(t, R, θ, φ) where t is the co-moving time. The vector
∂/∂t is everywhere time-like a good time coordinate
everywhere except at curvature singularity. Now ǫ points
in the direction of increasing areal radius. We can now
construct the quantities, £ǫΘk for MTS and £ǫΘl for
MATS. The Horizon is Outer if £ǫΘk is positive and In-
ner if £ǫΘk is negative for MATS. Similarly, the horizon
is Outer if £ǫΘl < 0 and Inner if £ǫΘl > 0. The use
of the vector ǫ is limited to the case when the MTT or
MATT is null. The reason for this is that if the horizon
is for space-like, then the expression of the type £ǫΘk
can have variable sign (depending on the time coordi-
nate being used) even though £lΘk has an invariant sign.
Evaluating the expression £ǫΘk, we obtain the general
expression for D = 5 with zero cosmological constant,
£ǫθk =
3
R2
[
2− F
′
R′R
]
(79)
Using the results (44), (46) for D = 5 we obtain,
£ǫθk = −6/R2, which means we have an Inner Horizon.
Similarly, we can classify MATS for the D = 5 as an
Inner horizon. We note that we can reach the same
conclusion if we used the space-like vector field to
be ∂/∂r in the co-moving coordinate chart (t, r, θ, φ)
coordinates system (with the additional assumption
that R′ > 0 and therefore r and R are monotonically
increasing functions of each other).
The second point that is the observation that in the
presence of a cosmological constant, the horizon evolu-
tion makes a transition from time-like to space-like as is
observed in deSitter case for dimension D > 5. We note
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that for larger R, the horizon is time-like and small R
it is space-like. What seems non-trivial in these cases is
that when one classifies the horizon as an Inner or Outer
Horizon, one encounters the following situation that as
long as the curve is time-like the Horizon is an inner
surface whereas in the space-like segment it is an outer
surface. When we see the plots for the horizon evolu-
tion, we see a monotonic decrease in the areal radius
R for both the time-like and space-like segments of the
curve. The transition from inner surface to outer surface
is counter-intuitive. The analysis of such curves has been
done rigorously in [11],[12]. The understanding is that for
the space-like segment of the curve that decreases mono-
tonically with the coordinate t, one can show that for a
different choice of coordinates, the time ordering of the
events of the space-like segment can be reversed. So in
this coordinate system, the space-like part of the horizon
evolves from R = 0 with an increasing Area (since it is
OUTER and therefore FOTH) and meets the timelike
segment of the curve at the radius R (where the curves
in the plots transitions from time-like to space-like).
IV. AREA LAWS IN MARGINALLY TRAPPED
SURFACES
The Area law for a Dynamical horizon (co-dimension
1 spacelike surface) and a Time-like membrane (co-
dimesion 1 timelike surface) in 3+1 dimensions is given
by Abhay Ashtekar and Badri Krishnan [5],[6]. They
obtained an area balance law for the dynamical horizon
which is (
R2
2G
− R1
2G
)
=
∫
∆H
T¯abτˆ
aξb(r)d
3v (80)
+
1
16πG
∫
∆H
Nr(|σ2|+ 2|ζ|2)d3v
The two terms on the right hand side are the matter
energy flux and the gravitational energy flux along the
evolution vector ξb(r) and similarly the area balance law
for the time-like membrane is(
R2
2G
− R1
2G
)
= −
∫
∆H
T¯abrˆ
aξb(t)d
3v (81)
− 1
16πG
∫
∆H
Nt(|σ2| − 2|ζ′|2)d3v
Using these area laws they have also argued that the
area increases for dynamical horizons and decreases for
Time-like membrane monotonically.
Following there derivation of Area laws closely we
look to extend these laws for Marginally (Anti) Trapped
Tubes which are spacelike co-dimension 1 hyper-surfaces
to a higher dimensional spacetime (D = n+2) with a
topology of R2×Sd. For a codimension-1 foliation of the
spacetime, specifying the evolution vector field ξa will
also specify the lapse function and shift vectors in the
1+(n+1) decomposition.
Nτa +Na = ξa (82)
H is a MTT and is a codimension-1 hypersurface with
the Cauchy data and there constraint equations are
C(q, k) := R+ k2 −KabKab = 2κT¯abτaτb (83)
Ca(q, k) := Db(K
ab −Kqab) = κT¯ bcτcqab (84)
Where T¯ab = Tab − (Λgab/κ) and τa is the unit normal
to H. To get the flux through the a region of MTT (∆H)
bounded by two marginally trapped surfaces at different
times we need to evaluate∫
∆H
(NC +NaC
a)dn+1v (85)
using the equations (83), (84) we have∫
∆H
(NC +NaC
a)dn+1v = 2κ
∫
∆H
(NT¯abτ
aτb (86)
+2NaT¯
bcτcq
a
b )d
n+1v
For a MTT the choice of the evolution vector field is
ξa = Nka and a further 1 + n decomposition of H with
Σ as a MTS which is a codimension-2 hypersurface with
a topology of Sn. With this setup and following the steps
as in [5] we end up with a similar equation as (3.21) in
[5] ∫
∆H
NR˜dn+1v = 2κ
∫
∆H
T¯abξ
aτbdn+1v (87)
+
∫
∆H
N(|σ|2 + |ζ|2)dn+1v
The quantities in the gravitational flux energy term are
defined below. The shear for the outgoing bundle of light
rays is
σkab = (h
c
ah
d
b −
1
2
habh
cd)∇ckd (88)
where hab is the projection operator onto the n-sphere and
is given by
hab = δ
a
b − lbla − kakb (89)
computing the norm of the shear for outgoing null rays
we get
|σk|2 = σkab σk
ab
=
n(n− 2)2
4
e−λ(R′ + e(
λ
2
)R˙)2
R2
(90)
and using the condition (28) for MTS we can see that the
norm of the shear for outgoing null rays is zero. Similarly
the shear for the ingoing bundle of null rays is
σlab = (h
c
ah
d
b −
1
2
habh
cd)∇cld (91)
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and computing the norm of the shear for ingoing null rays
we get
|σl|2 = σlab σl
ab
=
n(n− 2)2
4
e−λ(R′ − e(λ2 )R˙)2
R2
(92)
and using the condition (29) for MATS we see that the
shear norm go to zero. The quantity ζ for MTT is given
by the expression
ζa = sabra∇ckb (93)
where sab is the intrinsic metric on MTS. One can easily
check that for a spherical symmetry the norm |ζ|2 is
always zero for both the MTS and the MATS. We can
see that for spherical dust evolution the gravitational
wave energy term always vanishes. Hence the only
contribution for the change in marginally trapped
surfaces comes from the matter energy flux.
The volume element on the MTT (H) can be written
as dn+1v = N−1dRdnv so the expression (87) reduces to
∫ R2
R1
dR
∮
Sn
R˜dnv = 2κ
∫
∆H
(NT¯abl
aτb)dn+1v (94)
The n-dimensional volume element on Sn is dnv =
Rnsinθ1sin
2θ2....sin
n−1θn−1dθdθ1dθ2....dθn−1 and Ricci
scalar R˜ for the n-sphere is R˜ = n(n− 1)/R2, where R is
the Areal Radius. So volume integral of Ricci scalar for
the n-sphere is
∮
Sn
R˜dnv =
2π(
n+1
2
)n(n− 1)Rn−2
Γ(n+12 )
(95)
and the area of the n-sphere with radius R is given by
A(R) =
2π(
n+1
2
)Rn
Γ(n+12 )
(96)
The left hand side of the integral (94) becomes
∫ R2
R1
dR
∮
Sn
R˜dnv =
2π(
n+1
2
)n
Γ(n+12 )
(Rn−12 −Rn−11 ) (97)
For evaluating the matter flux term of the equation (94)
we use the relation dn+1v = N−1dRdnv again and also
(11) which simplify the expression as
2κ
∫
∆H
(N(Tab − Λ gab
k
)laτb)dn+1v (98)
= 2
2π(
n+1
2
)
Γ(n+12 )
∫
∆R
(
nF ′
2RnR′
+ Λ)RndR
now the expression (94) reduces to the form∫
∆R
n(n− 1)Rn−2dR− 2Λ
∫
∆R
RndR = n
∫
∆r
F ′dr
upon integration have the relation
(Rn−12 −Rn−11 )−
2Λ
n(n+ 1)
(Rn+12 −Rn+11 ) = F (r2)−F (r1)
(99)
which is
∆Rn−1 − 2Λ
n(n+ 1)
∆Rn+1 = ∆F (r) (100)
This is same as the relation (10) under the marginally
(anti) trapped condition R˙2 = 1 which is either R˙ = −1
(Θk = 0) and R˙ = 1 (Θl = 0). Note that the area
balance law has been reduced to an algebraic relation
between the misner-sharp mass F(r) and the Area
Radius R. Also this extension to D-dimensional area
balance law is done for only spacelike MTS or MATS.
V. CONCLUSIONS
We have generalized the evolution of MTS and MATS
in D-dimensions with and without the cosmological
constant due to the evolution of pressure-less matter.
The model under consideration is simple enough to yield
closed form expressions for various aspects of the horizon
evolution in these space-times. This advantage makes
this model particularly useful in the study of Entropy
evolution and Quantum Gravity scenarios. Particularly
interesting result among them is the formula for the
causal nature of the horizon. The formula highlights
the dependence on dimension, local energy density, cos-
mological constant and the Area radius (D-dimensional
generalization of area).
The analysis of MTS and MATS in D-dimensions
yields many interesting results that are not a straight-
forward extension of the results of 3 + 1 dimensions. We
observe that the qualitative features of the dynamics
of the horizons depends crucially on the number of
dimensions D. In the examples that were shown, there
were cases where MTS and MATS were uniformly null
but not isolated and moreover the area evolves mono-
tonically. We have also shown that the generalisation
of Oppenheimer-Snyder model in D-dimensions yields
the Horizon to be time-like for dimension D < 5 and is
space-like for D > 5. This is interesting since the area
monotonically decreases with co-moving time in-spite
of the horizon being space-like, time-like in different
segments of the same curve. These results make the
analysis in d-dimensions counter-intuitive.
We have founnd expressions for the Ashtekar, Badrikr-
ishnan’s Area Balance Law in D-dimensions for a re-
stricted class of Sn topologies that are relevant for the
model under consideration. The expressions obtained in
the article are valid for the Dynamical Horizons. One can
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extend the expressions for the case of Time-like Mem-
branes too (as is shown in the paper Ashtekar et al [6]).
In the cases considered we show that the horizon tran-
sitions from time-like to space-like during the course of
evolution. The generalization of the 3 + 1 of [6] where
such transitions are allowed will be attempted in a later
work.
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